In this work, we investigate the emergence of rare and intense events during the Raman fiber amplification of a continuous wave. We highlight how dispersive properties and pump depletion can strongly influence the statistical properties of the amplified signal and its optical spectrum. Under certain conditions, the probability density functions of the amplified signal are calculated analytically and compared with the results of the numerical simulations. The conclusions are qualitatively validated by experiments carried out at telecommunication wavelengths.
Introduction
For more than three decades, optical fibers have been recognized as a versatile and highly effective testbed to investigate a very wide range of non-linear concepts, ranging from modulation instability [1] to the propagation of optical solitons [2] or self-similar pattern [3] .
More recently, it has also been demonstrated that the supercontinuum generation of picosecond pulses or continuous waves in a highly nonlinear microstructured optical fiber can be characterized by an "extreme" statistics deviating strongly from usual Gaussian statistics : under the combined effects of spontaneous modulational instability and intrapulse Raman response, rogue solitons can emerge and be significantly shifted towards long wavelengths where they can then be adequately isolated by an adequate filtering [4] [5] [6] . Other studies have outlined that such statistics are not restricted to soliton-supporting systems and that the Raman effects is a key ingredient that promotes non-Gaussian statistics, either through cascaded Stokes generation [7] , through a turbulent behaviour recorded in ultralong Raman fiber cavities [8] or through pulse-topulse collisions and energy exchanges as observed in telecommunication systems [9, 10] . In this contribution, we focus on discrete Raman amplifiers where extreme statistics have also been numerically and experimentally highlighted [11] [12] [13] . As such amplifiers are key components of modern optical transmission technologies [14, 15] , it is crucial to better understand the physical origin of such behaviour and to develop adequate means to characterize and predict the emergence of those rare but intense spikes of light.
It has already been shown that under the influence of a quasi-instantaneous gain and provided that the group velocity mismatch between the pump wave and the amplified Stokes (signal) wave can be neglected, the fluctuations of a partially incoherent pump can be exponentially transferred to the signal component. Similar conclusions have also been extended to the context of parametric amplification [16] [17] [18] .
In the present article, we extend the work initiated in [11] and we further investigate the significant impact of two parameters of a discrete Raman fiber-based amplifier. On the one hand, we will show that the initial average signal power and the associated effect of pump depletion strongly influence the level of the extreme structures that can be detected. On the other hand, we will also stress the major impact of the pump-signal walk-off, i.e. the group velocity difference between the pump and signal waves. The consequences of both effects will be studied in the temporal and spectral domains. Our paper will be thus organized as follows. We will first present the model we use as well as a simplified model that enables us to achieve some clear physical understanding of the underlying nonlinear physics. Then, we will more specifically investigate the amplification of a continuous wave in the Raman amplifier. Analytical expressions of the probability density functions of the signal intensity are calculated explicitly under certain conditions. Contrarily to the widely spread approach based on the relative intensity noise (RIN) derivation in the frequency domain [19] [20] [21] [22] [23] , our results will be directly derived through an analysis in the temporal domain. Numerical simulations will confirm the trends obtained analytically. In order to provide an accurate and close to complete picture of the nonlinear dynamics, evolution of the optical spectrum will also be discussed. In the final part of the paper, we will describe a set of experiments that qualitatively validate our conclusions on the impact of the pump depletion and of the walk-off effect.
Model

Description of the amplification process and approximations
During its evolution in a single mode optical fiber, the slowly-varying envelope of the electric field ψ(z,T) of an optical wave can be described by the extended nonlinear Schrödinger equation [24] : 
with β 2 and β 3 describing the chromatic dispersive properties of the optical fiber, γ the Kerr nonlinear coefficient (typically, we will investigate fibers with γ = 10 W -1 .km -1 ), α the optical losses, R(t) the silica response function, which includes both the instantaneous Kerr contribution and the delayed Raman response function [24] . z and T are the propagation distance and the temporal coordinate in a reference frame moving at the group velocity of the wave. ψ(0,T) is the initial field made of the temporal superposition of the pump wave ψ P and the signal ψ S , characterized by the respective carrier frequencies ω P and ω S :
The signal is shifted by Ω = ω S -ω P = -13 THz with respect to the pump frequency and therefore leads to the maximum gain response .
As long as no additional frequency is generated by nonlinear frequency mixing or by cascading of the Raman process, it is possible to isolate the evolution of the pump ψ P from the evolution of the signal ψ S . We can also consider that the Raman gain experienced by the signal is constant over the spectral range under investigation g R = 6.5 x 10 -3 m -1 and that the Raman intrapulse effect and resulting soliton self-frequency shift are not significant in the various experiments carried out. Moreover, given the relatively short length of propagation considered in the experiment (typically half a kilometer), the consequences of the fiber linear losses can be neglected. Under these conditions, Eq. (1) can be reduced to the following set of two coupled nonlinear Schrödinger-like equations [14] :   2  2  2  2  2  2   2  2  2  2  2  2   2  2  2   2  2 2
with δ = 1/v gP -1/v gS the walk-off parameter proportional to the difference between the group velocities v gS and v gP of the signal and the pump respectively. The ratio ω P /ω S is very close to 1 so that we shall omit this term to simplify the analytical treatments. Furthermore, we have also found numerically that in the experimental conditions investigated here physical insight can be gained by neglecting the second order dispersion as well as the influence of self-phase modulation. Therefore, Eq. (2) can be further reduced to :
This model is based on the evolution of the scalar electrical field, which then enables us to describe the pulse dynamics, both in the temporal and spectral domains. If we are only interested in the temporal intensity profile of the signal or pump waves (P S and P P denoting the respective intensities, P = |ψ| 2 ), this model can be reduced to the well-known 'intensity model' usually employed to describe the Raman amplification process [14] :
Let us note that our model has intentionally neglected the description of the spontaneous process of Raman amplification from quantum noise [14, 25, 26] so that our conclusions solely result from the nonlinear transfer of pump to Stokes RIN.
Initial signal and pump characteristics
The initial signal will be considered as a purely continuous wave, i.e. a monochromatic wave, with an initial power P S0 . A crucial point is that the pump used in our study is a partially incoherent pump ψ P0 . To reproduce numerically the properties of this pump, we consider a random wave whose Fourier transform is Gaussian-shaped with δ-correlated random spectral phases φ(ω) uniformly distributed between -π and π [27] [28] [29] [30] [31] :
Ω L is the spectral full-width at half maximum (FWHM) of the pump, Ω L = 17.7 GHz, which corresponds in the temporal domain to large and ultrashort intensity fluctuations having a minimum temporal FWHM T L = 0.44 / Ω L of 25 ps ( Fig. 1(a) and associated inset). Note that, because the spectrum 2 0 ) ( ω ψ P is δ-correlated, the wave exhibits fluctuations that are statistically stationary in time [31] . More precisely, according to Eq.(5), the pump field ψ P0 is characterized by a stationary Gaussian statistics, whose real and imaginary parts have the following probability density function pdf (we refer the reader to Ref. [31] for details):
where r=Real(ψ P0 ) , i=Im(ψ P0 ) and with <P P0 > being the average pump power (typically <P P0 > ≅ 175 mW).
Considering the standard pdf transformation rules [31] , one obtains the following expression of the pdf of the pump power P P0 [also see Fig. 1(b) ] which is well-known for a polarized thermal source [17, 31] :
Note that the pdf of P P0 does not depend on Ω L and that when plotted on a semilogarithmic scale, the respective plot exhibits a linear behaviour ( Fig. 1(b) ) [17] . The corresponding statistical distribution of the peak powers of the temporal structures of the pump is also of interest and is plotted on the inset of Fig. 1(b) (the statistics are based on the analysis of fluctuations over a period of 0.1µs). We note that there is a non-negligible probability to observe a structure having a peak-power more than ten times the average power, as illustrated by Fig.   1 (a) where the peak may reach an intensity 24 times larger than the average value. Compared to previous studies dealing with fluctuations of a few tens of percents of the peak-power of pulses delivered by nanosecond Q-switched laser pumps [13, [32] [33] [34] , the statistically Gaussian partially incoherent pump considered here exhibits much larger deviations. The pdf of the pump and signal can be experimentally recorded [17, 35] , but this technique unfortunately requires onerous dedicated devices. An indirect but more convenient mean to have an idea of the pump and signal temporal fluctuations is the normalized measure of the intensity autocorrelation function Γ, whose general definition reads [31] :
The autocorrelation function is characterized by two quantities: the temporal width of the autocorrelation Σ and the contrast ratio ϒ of the autocorrelation. Σ is the full width at half maximum of the function ( ) lim ( ) While the intensity autocorrelation function is convenient to understand some fluctuation properties of the intensity profile in the temporal domain, it does not provide any information on the temporal phase of individual fluctuations or on the spectral evolution of the optical waves. In this work, we will also focus our attention on the optical spectrum S(ω) defined as :
Note that, according to the Wiener-Khinchin theorem, the optical spectrum of a random wave characterized by a stationary statistics is the Fourier transform of the autocorrelation function of
Simplified model for the pump
In order to get a physical insight into the impact of the spikes of the pump wave on the Raman amplification process, let us discuss a qualitative approach based on a simplified representation of pump fluctuations. As can be seen in the inset of Fig. 1(a) , the most intense fluctuations of the pump can be reasonably fitted by a single Gaussian pulse with a FWHM temporal width T L of 25 ps corresponding to the shortest temporal width possible in the incoherent pump structure.
Consequently, we will get interested in the amplification resulting from this single Gaussian structure. In other terms, the pump wave may be regarded, in a lose sense, as a collection of such individual Gaussian pulses. For such a temporal width and for the dispersion values involved in this study, the characteristic length T 0 2 / β 2 (with T 0 the half width at 1/e of the structure defined
) for which dispersion leads to significant impact has been found superior to 150 km, which is several order of magnitude above our amplifier length (500 m) or above the typical walk-off length [26] . In other words, we confirm here our choice to neglect the influence of β 2 in our model. Based on the peak powers that have been recorded (inset Fig. 1b ), we considered a peak-power of 2.5 W which typically corresponds to rare but very intense fluctuations.
Influence of the initial signal average power
Depletion of the pump
In this section, we investigate how the average power P S0 of the initial continuous signal level can substantially influence the properties of the resulting intensity fluctuations as well as its spectral broadening. We neglect here the influence of the walk-off (δ = 0), whose study will be the subject of the next section. Consequently, the evolutions of the pump and signal powers are described by the reduced equations (4) :
This set of equation can be analytically solved to obtain the power profiles [25] :
( )
Assuming that the initial signal power is well below the pump power (P S0 « P P0 ), the following solution provides an accurate approximation of pump and signal evolutions :
For the range of parameters considered in this paper, we compared this analytical solution with the results obtained by the numerical integration of the system (10).
Simulations based on a simplified model
Temporal study
Let us first investigate the consequences of pump depletion in the context of the simplified model discussed in Sec. 2C. We have plotted in Fig. 2 (a) the initial pump and amplified signal for two initial average powers. As expected, the continuous seed has been amplified and a replica of the pump profile can be observed on the output signal. Due to the exponential gain, the temporal duration of the replica is lower than that of the pump. Depending on the initial average power of the seed, we can also note that the shape of the temporal profile is affected, the optical structure being longer in the case of higher initial power with a flattened top of the pulse. This effect is due to the nonlinear depletion of the pump wave. For higher signal powers, the gain experienced by the central part of the pulse saturates and the pump is highly depleted in the central region as confirmed by Fig. 2(b) . Let us stress that for the range of power / fiber length considered here, it is not necessary to take into account the cascading of the Raman process: such a spontaneous cascading will ultimately lead to a depletion of the central part of the signal wave [7, 14, 36, 37] .In these conditions, we can express the longitudinal evolution of the gain G(z) that we define as the ratio of the peak power of the amplified signal and the initial average power (note that with such a definition, our gain differs from the ratio of the initial and output average powers).
This leads to the gain :
If the depletion effects can be neglected, this expression reduces to well know small expression:
Figure 2(c) reveals that even for 8 mW of initial average power, the gain is significantly reduced as compared to the results obtained with a seed of 0.2 mW. We can also note that the impact of the pump depletion becomes more pronounced as the pump power increases. 
Spectral study
Let us now consider the spectral intensity profile of the amplified signal. As illustrated in Fig.   3 (a), we note a significant spectral expansion of the initial continuous signal. The spectral broadening of the signal is essentially caused by the cross-phase modulation (XPM) of the pump on the signal, a feature that was already noticed in [38] . This is confirmed here in Fig. 3 (a), which shows that the spectral broadening of the signal is considerably reduced in the absence of XPM effects [continuous line in Fig. 3(a) ]. Note that such effect of XPM-induced spectral broadening may lead to a spectral selection of the rarest events [12] or may provide a convenient mean to reproduce the fluctuations of a strong signal of a weak seed [39] .
From Eq. 3 and neglecting depletion effects, we can easily express the nonlinear phase shift resulting from XPM [24] :
Taking the maximum of the time derivative of this expression, we can derive an estimate of the total spectral width ∆ν of the amplified structure :
In this case, we can note that the spectral broadening does not depend on the initial signal level and is only linked to the initial pump peak power. If we now take into account the effect of pump depletion (i.e. the decrease of the pump power as well as the temporal pump depletion, as defined by Eq. 12), we need to solve the following equation:
We solved this equation numerically and the resulting spectral broadening (as derived by taking the maximum of the time derivative of the phase) is plotted on Fig. 3(b) . The observed trend is in reasonable agreement with the results obtained by the direct numerical integration of Eq. 3 (spectral broadening has been evaluated by the enlargement of the basis of the spectrum, taken at -10 dB). Note that an increase in the initial signal level leads to a drop of the spectral broadening of the output pulse. Indeed, as pump depletion gets significant, the amplitude of the pump drops quickly (see Fig. 2(b) ), so that the effective length over which the pump XPM has an impact decreases dramatically. 
Simulations based on an incoherent pump
Let us now see whether the above trends obtained on the basis of the simplified model are reproduced by the complete model in which the signal is amplified by a genuine incoherent pump wave [see Eq. (3)]. From the pdf of the pump (Eq. 7) and the expression of the signal given in Eq. 12, we can express the pdf of the signal after amplification [31, 35] :
where f -1 is the inverse of f with P s =f(P p ).
We remark that in the limit where pump depletion can be neglected, an expression of the pdf of the signal intensity can be derived in analytic form. Under the assumption that the pdf of the pump power is exponential (Eq. 7), one obtains ( )
where H(x) denotes the Heaviside function. Equation (20) We have calculated numerically the pdf of the signal power given by Eq. 19 in the general case (including pump depletion) and the results are reported in Fig. 4(a) . We have also compared the predictions of Eq. 20 with intensive numerical simulations. Even if advanced computational methods for rare events prediction are nowadays available [40] , we have used in order get the numerical pdf a simple method based on the analysis of a long temporal signal. An excellent agreement between the numerical and analytical approaches has been found. More precisely, for a low amplification of the signal, the pdf obtained with and without depletion are similar and exhibit the algebraic long tail in agreement with Eq. 20, as illustrated in Fig. 4(a) .
The signal pdf in this linear regime of amplification strongly differs from the statistical properties of the pump [13, 32, 33, 41] . However, for higher initial signal levels, the impact of pump depletion can no longer be neglected and the value of the initial pump power becomes a fundamental upper limit. This merely explains why the signal tails are asymptotically limited by the exponential pdf of the pump (Eq. 7) : saturation of the gain strongly reduces the probability of the most extreme amplification factors [22] and the pdf ultimately exhibits a linear decrease in semilogarithmic scale (when no spontaneous cascading of the Raman process occurs during the amplification). This study also shows that the tails of the pdf distributions may be controlled in practice. Regarding the intensity autocorrelation, we can clearly see from Fig. 4(b) that the autocorrelation contrast ϒ is far from 1 (i.e., the constrast of a continuous wave). On the contrary, the contrast is very high and is also clearly different from the contrast 2 of the Gaussian pump, suggesting different statistical properties for the signal and pump waves. Such an increase in the contrast ϒ above the corresponding Gaussian value ( ϒ = 2) simply reflects the existence of highly probable extreme events, as discussed above through the analysis of the pdf (20) . The initial signal level also influences the autocorrelation shape as illustrated on Fig. 4(c) : one may note a change in the contrast -higher initial signal levels leading to lower contrasts. This corroborates the numerical results reported in Fig. 4(a) , in which the saturation of the gain was shown to reduce the generation of extreme events. We can also remark that the temporal width of the autocorrelation signal broadens as the initial average powers are increased. Both effects are directly linked to the previously discussed consequences of pump depletion. Regarding the spectral evolution, we find that the signal is spectrally broadened by the incoherent pump amplification [38] . Similar trends discussed above on the basis of the simplified pump model are observed, i.e. a spectral broadening which is influenced by the initial signal level (Fig. 4(d) ) with a decrease of the broadening for increasing level of initial signal.
Impact of the dispersive properties of the fiber
In this section, we shall focus our attention on the impact of the dispersive properties of the fiber and more specifically on the impact of the mutual walk-off δ between the signal and the pump waves. The effect of pump depletion is neglected here, so that our study is only relevant to relatively low signal intensities. It is a well-known fact that the walk-off δ tends to smooth the impact of the pump fluctuations on the amplified signal wave, simply because the walk-off averages out the pump fluctuations, i.e., it avoids a harmful pump to signal noise transfer [19] .
Indeed, it has been shown that the maximum pump-signal velocity mismatch that is obtained in the counterpropagating pumping configuration was beneficial to lower the RIN of the amplified signal [11, 19] .
Simulations based on the simplified model
Let us start by considering again the simplified model of the pump. Neglecting pump depletion effects allows us to reduce Eq. 3 into the single simplified equation:
whose solution reads
This leads to the following expression [24, 42] for the temporal intensity profile,
and phase profile induced by XPM :
The evolution of the output intensity profile of the signal due to the walk-off is summarized in Fig. 5(a) . Increasing the value of the walk-off leads to a rapid drop of the peak intensity of the amplified structure, as well as a change in the temporal position of the maximum [12] , the maximum of the signal at a distance z being obtained for a temporal position T C = z δ / 2. The resulting gain, as defined by Eq. (13), and the FWHM temporal width of the optical structure are plotted in Fig. 5(b) and Fig. 5(c) , respectively. We can clearly observe that, by increasing the walk-off, the gain decreases and the temporal width increases. Let us note that in the presence of pump depletion, the reduction of the gain becomes less apparent : neglecting pump depletion and for an integrated walk-off of 50 ps, a drop of the gain of 17 dB is observed (Fig. 5b) , which has to be compared to a drop of 7 dB in the presence of pump depletion (for a 8 mW initial signal).
Indeed, walk-off is beneficial as it leads to an artificial regeneration of the pump seen by the signal [26, 43] . Quite interestingly, we can also note that the temporal width is almost constant for a certain range of small values of the walk-off (typically for integrated walk-off below 25 ps). The strong impact of the walk-off is also clearly visible in the spectral domain (see Fig. 5(d) ). Indeed, higher values of δ L lead to a drop of the XPM induced by the pump on the signal. Such a decrease becomes critical when the integrated walk-off becomes of the same magnitude as the pump pulse duration [44] . Consequently, we observe a clear narrowing of the output signal spectrum as compared with the optical spectrum recorded without walk-off.
Simulations based on an initial incoherent wave
In order to check the validity of the qualitative conclusions obtained on the basis of our simplified model, we have run intensive numerical simulations of Eq. 3 with a partially incoherent pump wave (see Eq. 5). We compare in Fig. 6(a) the level of the fluctuations for four values of integrated walk-off δ L, i.e., 0 ps, 25 ps, 50 ps and 100 ps. As expected from our simplified model, we can see that the level of the peaks is influenced by the walk-off value, a higher integrated walk-off leading to a smoothing of the extreme events.
Under the assumption that the pdf of the pump power is exponential (Eq. 7), we have derived an analytical expression of the pdf of the signal intensity (see the Appendix):
where ε represents the effective correlation length of the pump as seen by the signal field due its walk-off with respect to the pump : ε = τ c / δ, τ c being the coherence time of the pump fluctuations that has been empirically found be close to 2 L T (where T L is defined p.6 after Eq.5). In the limit of a large effective correlation length ε (i.e., negligible walk-off δ, or large correlation time τ c ), the expression of the pdf (25) recovers the pdf (20) , in which walk-off effects were neglected (δ = 0). Conversely, we show in the Appendix that in the limit of a small effective correlation length ε (i.e., large δ or small τ c ), the pdf (25) recovers the following
, where δ denotes here the Dirac δ-function: as a result of the walk-off induced averaging mechanism, the signal grows as in if it were amplified by a fully coherent (deterministic) pump wave.
In the same way it is also instructive to briefly comment the average value of the signal gain 0 / S S P P . Using the pdf (25) (or Eq. A2 in the Appendix), we obtain
In the limit of a small effective correlation length ε « 1 (large walk-off δ or small time correlation τ c ), the average signal gain (26) recovers ( )
, as expected from the walk-off induced averaging of pump fluctuations. Conversely, in the opposite limit of a large effective correlation length ε (i.e., negligible walk-off δ, or large correlation time τ c ), Eq. (26) recovers the expression of the average signal gain discussed in Sec. 3C,
, which exhibits a divergence at one amplification length.
In Fig. 6(b) we compare the analytical expression of the pdf of the signal intensity (25) with the results of the numerical simulations. We remark that a satisfactory quantitative agreement is obtained between them. Figure 6 (b) clearly shows that the influence of the walk-off is to reduce the long tails of the pdf of the signal intensity. We note that, while such a reduction is rather moderate for small values of the integrated walk-off (δ L = 0 ps and 50 ps), the deviation becomes more pronounced as the walk-off parameter increases, with a significant drop of the probability of the most intense structures. The analytical prediction based on Eq. 25 has been found to be in good agreement with the results of the numerical simulations. The resulting intensity autocorrelation signals are plotted on Fig. 7(a) . In agreement with the qualitative conclusions relying on the simplified model, we can note that the temporal width of the autocorrelation and the contrast (see Fig. 7 (b)) are strongly influenced by the level of the integrated walk-off. More precisely, we can observe that for values ranging from δ L = 0 ps to 20 ps, the impact is moderate. Such a range of values has to be compared with the typical duration of the fluctuations (i.e., 25 ps at fwhm, 15 à 1/e). Above 20 ps, a rapid drop of the contrast combined with an increase of the temporal width can be observed. This is a consequence of the walk-off induced averaging mechanism discussed above through the pdf (25) . As regard the contrast, the comparison between the curves obtained with low and high initial levels reveals that the same trends are observed, even in the presence of strong pump depletion, the resulting contrast being however lower and the temporal structures longer. 
Experimental results
Experimental setup
In order to validate our analytical and numerical predictions, we have used the experimental setup sketched in Fig. 8 , which consists of an all-fibered set-up relying exclusively on commercially available telecommunication devices. The initial partially incoherent wave is delivered by a We have experimentally checked that no significant four-wave mixing between the pump and the signal could be observed, as well as no spontaneous Raman cascading. We may thus consider that the model considered in Eq. 2 is justified. Furthermore, no signature of temporal recompression such as solitonic recompression was observed and the level of spontaneous emission in the amplified signal was maintained very low due to the moderate gain of the considered amplifier.
Experimental results
We have first investigated the impact of the incoherent pumping on the output signal observed in the temporal domain. Results are summarized in Fig. 9 . Compared to the pump properties (see Fig. 1(c) ), strong change in the contrast of the autocorrelation can be observed, suggesting significant differences in the pulse statistics. Subplots (a) and (b) confirm the strong influence of the walk-off and the depletion effects, which leads in both cases to a temporal broadening of the autocorrelation signal as well as a change in the contrast of the measurement. Indeed, increasing the initial signal level leads to a continuous increase in the autocorrelation function background.
Moreover, as regard the influence of the walk-off, we can note that notable changes in the autocorrelation only appear for walk-off values higher than 25 ps. These qualitative observations are satisfactory, in that they are fully consistent with the conclusions that have been drawn from our theoretical and numerical analysis. More precisely, systematic and quantitative studies (subplots (c) and (d)) have confirmed this continuous decrease of the contrast ratio combined with an increase of the temporal width, as well as the possible combination of walk-off and pump depletion effects. The quantitative differences compared to the theoretical and numerical results described in the previous sections are mainly ascribed to the use in the experiments regarding the initial level influence of a non-zero walk-off fiber and to polarization issues. The unpolarized nature of the pump wave, as well as the influence of polarization mode dispersion of the fiber can indeed strongly affect the signal evolution [14, 45] . In spite of its interest, such a study goes beyond the scope of the present article. Fig. 9(b) ). The resolution of the optical spectrum analyzer is 10 GHz.
Conclusion
A theoretical, numerical and experimental analysis of the impact of the pump depletion and of the walk-off effects has enabled us to provide some clues for a better understanding of the amplification process taking place in discrete highly nonlinear Raman fiber amplifiers pumped in a copropagating scheme by a partially incoherent wave. Depletion and walk-off can both shorten the pump-signal interaction length, leading to a substantial reshaping of the statistical properties of the output signal. In other words, the generation of the most intense optical peaks is stimulated by negligible depletion effect combined with low walk-off values. On the contrary, reducing output fluctuations requires a high walk-off and/or a saturation of the amplifier. Such conclusions have been derived by an analysis of the probability distribution functions of the instantaneous powers of the waves. The incoherent nature of the pump delivered by a Raman fiber laser has been taken into account in the temporal domain and the various trends are in satisfactory agreement with previous results based on the evaluation of the relative intensity noise evolution during the amplification process [19] . The optical spectrum is also highly affected, experiencing a significant broadening caused by cross phase modulation of the pump on the signal. Such conclusions may find applications in the design of lumped Raman fiber amplifiers [46] , especially in the case of wavelength multiplexed signals where the large number of channels under operation leads to rapid pump depletion and where each channel undergoes a different amount of walk-off as well as potential spectral broadening.
Let us finally note that the analytical computations of the pdf reported here may easily be extended to phase-sensitive parametric amplifiers driven from an incoherent pump [16, 17, 35, 47] , as well as to multidimensional spatio-temporal optical systems, in which the interplay of the spatial and temporal coherence properties may exhibit intriguing dynamical features [48, 49] .
The analysis of extreme statistics in phase-sensitive parametric amplifiers is also relevant to plasma physics, in particular as regards the important issue of inertial confinement fusion, in which the coherence properties of parametric instabilities were shown to be essential for the ultimate control of the confinement process (see, e.g., [50] ).
The derivation of the pdf of the signal intensity (25) proceeds in several steps. We recall that we consider here the influence of the mutual walk-off between the two waves by neglecting the depletion of the pump wave. First of all we consider the evolution of the signal intensity in its own reference frame, in which it sees a pump that fluctuates with an effective correlation length ε = τ c / δ, where τ c is the coherence time of the pump fluctuations. Because we neglect pump depletion, in this reference frame the evolution of the signal at some given time t 0 is decoupled from its evolution at a neighboring time t, so that the equation for the signal intensity P S reduces to an ordinary differential equation. The corresponding solution reads
, where ) ( x P P denotes the pump intensity random function characterized by the effective correlation length ε. Note that, for convenience, we normalized the problem with respect to the amplification length L amp = 1/(g R P P ), P P being the average pump intensity. The variables can be recovered in real units through the transformation: z → z L amp ;
. Within these units we have ) exp( ) ( ) (
We shall begin to compute the pdf of the random function 
where the symbol '!' denotes the factorial operation. We underline that this expression differs substantially from the expression obtained applying the Central Limit Theorem (CLT). Indeed, because the random variables η i are independent, the pdf of their sum R N is provided by the CLT in the limit of large N, which readily gives the following Gaussian distribution . This is consistent with the intuitive idea that in the limit of a very small effective correlation length ε (i.e. large walk-off δ, or small correlation time τ c ), the fluctuations of the pump are averaged out and the signal effectively sees a fully coherent (deterministic) pump wave. Finally, to calculate the pdf of the signal intensity P S , one may proceed according to standard rules of pdf transformations [31] . Using the pdf of R N given in Eq.(A2), we obtain 
which precisely corresponds to the pdf (25) in normalized units. We remark that in the limit of a small effective correlation length ε (i.e., large δ or small τ c ), the pdf of the signal intensity (A4) takes the simple form 
